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ALGEBRO-GEOMETRIC INVARIANTS OF FG GROUPS
(THE PROFILE OF A REPRESENTATION VARIETY)
S. Liriano, S. Majewicz
Abstract. If G is a finitely generated group (fg), and A is a complex affine algebraic
group, then the space Hom(G,A) admits the structure of an algebraic variety, not
necessarily irreducible, denoted briefly by RA(G). The invariants of RA(G) are
independent of the finite set X of generators for G chosen. In this communication we
define the profile function, Pd(RA(G)), of the representation variety over an algebraic
group A of a fg group G to be Pd(RA(G)) = (Nd(RA(G)), . . . , N0(RA(G))), where
Ni(RA(G)) stands for the number of irreducible components of RA(G) of dimension
i, 0 ≤ i ≤ d, and d = Dim(RA(G)). We then unleash this invariant in the study of fg
groups and prove various results. In particular, we show that if G is the fundamental
group of an orientable surface group of genus g ≥ 1, then
(**) Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)).
We also show that (**) holds for G a torus knot group with presentation < x, y;xp =
yt > where p, t are both ≥ 3, and that (**) also holds when G is a the funda-
mental group of a compact non-orientable surface of genus g ≥ 3. Additionally,
we show that if a group G can be n + 1 generated and admits a presentation
< x1, . . . , xn, y ; W = yp >, where W is a non-trivial word in Fn =< x1, . . . , xn >,
and A = PSL(2,C), then Dim(RA(G)) = Max{3n, Dim(RA(G
′)) + 2} ≤ 3n + 1,
where G′ =< x1, . . . , xn ; W = 1 >. We also give a condition guaranteeing that the
algebraic variety is reducible.
Historical Remark.
We mention briefly only a few developments bearing some resemblance to this
work, keeping in mind that this account is anything but thorough; in passing, let
us remark that the study of spaces of representations of fg groups can be traced
back to the work of H. Poincare [LM]. We begin with the work of W. Goldman,
who in the eighties produced results giving the number of connected components of
Hom(G,L), where L is a Lie group and G an orientable surface group; for exam-
ple, in [GW] a result was laid out yielding the number of connected components in
the space of representations of the fundamental group of an oriented surface in the
n-fold covering group of PSL(2,R) in terms of n and the genus of the surface. We
recall, however, that counting connected components of a complex variety is funda-
mentally different from counting its irreducible components. For example, consider
the vanishing set V of xy = 0 in C2. It is easy to see that V has two irreducible
components and only one connected component. More recently, in the nineties,
We thank Ray Hoobler for his many useful comments.
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Rapinchuk, et al, [RBC] produced a paper where amongst numerous interesting
results, they established the absolute irreducibility of RΛ(Γg), the representation
variety of the fundamental group of a compact orientable surface of genus g for Λ
either GL(n,K), or SL(n,K), where K is a field of characteristic 0; they also gave
formulas for the dimension of their corresponding representation varieties involv-
ing the genus, and the dimension of the relevant algebraic group. Subsequently,
Benyash-Krivetz and Chernousov, [BC], obtained formulas yielding the number of
irreducible components of RΛ(Γg), where Γg is a compact non-orientable surface
group of genus g, and Λ is either GL(n,K), or SL(n,K), where K is an alge-
braically closed field of characteristic 0. At around the same time, Liriano in [L3]
produced a formula giving the number of four dimensional irreducible components
of RSL(2,C)(G) for groups G having presentation < x, y ; x
p = yt > where p, q are
positive integers, and pointed out that when such a group is the fundamental group
of a torus knot complement in R3, that its number of four dimensional irreducible
components equals the genus of the corresponding torus knot.
Introduction
The study of invariants of representation varieties over SL(2,C) of parafree
groups1 has provided ample evidence to justify the claim that invariants of groups
associated with spaces of representation over algebraic groups can be highly sen-
sitive, even when launched in classes of groups exhibiting pronounced structural
affinities [L4], [L2]. In this paper an invariant, Pn(RA(G)), is introduced and we
call it “the profile function of the representation variety of G over the algebraic
group A”, or more swiftly, “the profile of G over A”. This invariant that counts
all irreducible components of all dimensions in RA(G) is then deployed, in what
may be described as ‘doubly close settings’; by that it is meant that not only is the
invariant studied over groups that are known to be structurally very close to each
other, for example, free groups and surface groups, (or more generally, the class
of fully residually free groups), but also over algebraic groups that are also struc-
turally similar; for example, SL(2,C) and PSL(2,C). Even when we observe this
doubly close condition, if you will, rather remarkable divergence in the respective
values of the invariant is obtained.
More formally, define the profile function Pd(RA(G)) of the representation variety
over an algebraic group A for a fg group G to be
Pd(RA(G)) = (Nd(RA(G)), . . . , N0(RA(G))),
where Ni(RA(G)) stands for the number of irreducible components of RA(G) of
dimension i, 0 ≤ i ≤ d, and d = Dim(RA(G)). From the start, let’s make it
clear that it is possible to take the profile function Pn(RA(G)) at any integral value
n ≥ Dim(RA(G)) with the understanding that all values to the left of the leftmost
non-zero entry are to be discarded. In this paper the following results are obtained:
Theorem A. Let w be a non-trivial freely reduced word in the commutator sub-
group of Fn =< x1, . . . , xn >, and let G =< x1, . . . , xn ; w = 1 >. If RSL(2,C)(G)
1A group is termed parafree of rank r and deviation d, if it has the same lower central sequence
as a free group of rank r and if the difference between the minimum number of generators of G
and n is the number d. For a more detailed account on parafree groups consult [B1], [B2].
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is an irreducible variety and V−1 = {ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) = −I} 6= ∅, then
Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)).
Theorem B. Let w be a non-trivial freely reduced word in the free group on
{x1, . . . , xn} with even exponent sum on each generator, and with exponent sum
not equal to zero on at least one generator. Suppose G =< x1, . . . , xn ; w = 1 >. If
RSL(2,C)(G) is an irreducible variety, then Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)).
An immediate consequence of the above results, together with results found
in [RBC] and [BC], is that when G is the fundamental group of a compact ori-
entable, or a compact non-orientable surface of genus g ≥ 1, g ≥ 3, respectively,
then RPSL(2,C)(G) is reducible and Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)). In [BC]
it was shown that RSL(2,C)(G) is irreducible when G is a closed non-orientable sur-
face group of genus g ≥ 3, and in [RBC] it was shown that RSL(2,C)(G) is irreducible
when G is a closed orientable surface group of genus g ≥ 1.
Furthermore, we show that if G is a torus knot group with presentation <
a, b ; ap = bt >, where both p, t ≥ 3, then Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)).
In particular, the genus of these torus knots does not equal N4(RPSL(2,C)(G)), a
result established in [L3] for the representation varieties over SL(2,C) for all torus
knot groups.
To illustrate the sudden changes of invariants that can arise when looking at
the representation variety of a group G over one algebraic group as opposed to
another, consider the following: let G =< x, y ; [x, y2]y2 = 1 >, and define [a, b] =
aba−1b−1. Then Dim(RSL(2,C)(G)) = 3, and P3(RSL(2,C)(G)) = (2, 0, 0, 0), while
Dim(RPSL(2,C)(G)) = 5, and P5(RPSL(2,C)(G)) = (1, 0, 1, 0, 0, 0). Had we defined
[a, b] = a−1b−1ab the resulting profile functions would have been different as well. In
fact, given a fixed arbitrary integer t there exists infinitely many finitely generated
groups G with Dim(RSL(2,C)(G)) = 0 and Dim(RPSL(2,C)(G)) ≥ t. In this paper
we prove the following theorem quite useful in handling many cyclically pinched
one relator presentations like those of compact non-orientable surface groups, torus
knot groups, or many of the parafree groups introduced in [B1].
Theorem C.
(1) Let G =< X, y ; W (X) = yp >, where Card(X) = n, p > 1, and W (X) is
a non-trivial freely reduced word in the free group on X. If A = PSL(2,C),
then Dim(RA(G)) = Max{3n,Dim(RA(G′)) + 2} ≤ 3n+ 1, where G′ =<
X ; W (X) = 1 >.
(2) If Dim(RA(G
′)) + 2 ≥ 3n in (1), then RA(G) is reducible.
In this paper it is also shown that if a group G embeds into an algebraic group
A, then the profile function of RA(G), and the profile function of RA(G/N(w)),
where N(w) is the normal closure of a non-trivial word w in G, are always different.
This is equivalent to saying that the vanishing set of the ideal associated with the
subgroup N(w) in the coordinate algebra of RA(G) is always non-trivial; think of
it as variation of Hilbert’s Weak Nullstellensatz. This result particularly applies to
fg non-abelian fully residually free groups, a class that is known to contain all but
a finite number of fundamental groups of compact orientable, and non-orientable
surfaces. In passing, observe that if a group G does not embed into an algebraic
group A, then the profile function need not change when going to a non-trivial
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quotient of G; a good example is the Baumslag-Solitar group G =< x, y ; x−1y2x =
y3 >. This group does not embed into any affine group since it is non-hopfian.
Thus, there is at least one non-trivial word w in G such that RA(G) has the same
profile function as RA(G/N(w)).
Given the positive tone of the foregoing, it is but prudent one mentions that the
next section begins with the rather sobering result: “Given any algebraic group A,
there are continuously many non-isomorphic finitely generated groups with isomor-
phic representation varieties over A”. Indeed, no invariant of representation vari-
eties over A can discriminate these groups. To assist the reader in placing the above
in a more nuanced perspective, we recall that there are infinitely many rank two
parafree groups of deviation one with equi-dimensional non-isomorphic SL(2,C)
representation varieties; see [L4]. Indeed, this seems at odds with the commonly
received understanding that parafree groups are very much like free groups2, espe-
cially when one is told that any n-generated group G with Dim(RSL(2,C)(G)) = 3n
is free. In fact, if the criteria that the deviation be one is discarded, then given a
parafree group of rank 2, there exists infinitely many parafree groups also of rank 2
having representation varieties of dimension greater than any apriori chosen integer
[L2].
One: The Profile Function
Unless specified, the term “algebraic group” is assumed to mean a complex affine
algebraic group, and all algebraic varieties will always be complex, even if some of
the results in the sequel hold in far more general settings, as many do. Having made
that clear, given any algebraic group A with identity I, and a group G generated by
a finite set of generators X = {x1, · · · , xn}, the set Hom(G,A) brings with it the
structure of an algebraic variety3. Indeed, this is simple to see since Hom(G,A)
is nothing but
⋂
P−1
Wi(X)
(I), where each P−1
Wi(X)
(I) is the fiber over I pertaining to
the regular map given by PWi(X) : A
n → A; this map arises when one evaluates
in the algebraic group An the i-th relation of a possibly infinite set of relators
{W1 = 1, · · · ,Wi = 1, · · · } obtained from a presentation of G on X . This algebraic
variety goes by the name “the representation variety” of G over A, and we denote
it by RA(G).
Fortunately, the Hilbert Basis Theorem guarantees that only a finite number of
the relators of G on the generating set X are necessary in defining the algebraic
variety RA(G). An immediate consequence of this is the following:
Lemma 1.1. Given any algebraic group A there exists an uncountable set S of
pairwise non-isomorphic 2-generated groups with the property that any two groups
in S have isomorphic representation varieties over the algebraic group A.
Proof. Denote the set of two generated groups by S2. It is well known that there are
continuously many non-isomorphic 2-generated groups. However, the set of finitely
presentable groups is countable since the set of all finite subsets of a countable set
injects into the set of all finite subsets of the natural numbers N; in particular,
this holds for the set of all finite words made from the elements of a finite set of
2This can also be seen as an indication of the sensitivity of the invariants used.
3The term “algebraic variety”applies to any algebraic set, whether reducible or not.
(REPRESENTATION VARIETY) 5
symbols. Thus it follows that the set, N2, of finitely presentable groups having two
generators is countable. So there exists a bijection between N2 and N; this bijection
can be used to list all possible finitely presented 2-generated groups thus:
(1.1) ζ = P1, P2, P3, . . .
Many of the groups in this infinite sequence may be isomorphic, but that poses no
difficulty. Now, with the sequence of presentations in ζ associate a sequence RA(ζ)
of representation varieties over A thus:
(1.2) RA(ζ) = RA(P1), RA(P2), RA(P3), . . .
By the Hilbert Basis Theorem, RA(ζ) contains all of the possible representation
varieties of 2-generated groups over the algebraic groupA. Introduce an equivalency
relation∼ on the sequence of algebraic varieties in RA(ζ) given byRA(Pi) ∼ RA(Pj)
iff RA(Pi) ∼= RA(Pj), and in the process give rise to a sequence of equivalency classes
RA(ζ)/ ∼. Further, define a mapping Φ from the set S2 of all 2-generated groups
to RA(ζ)/ ∼ given by Φ(G) = [RA(G)], where [RA(G)] is the equivalency class of
RA(G) in RA(ζ)/ ∼. Clearly, S2 is nothing but the union of all the fibers over
points in RA(ζ)/ ∼, and RA(ζ)/ ∼ is countable. It follows then that the fiber over
at least one point of RA(ζ)/ ∼ contains an uncountable number of non-isomorphic
groups since, by the Axiom of Choice, the countable union of countable sets is
countable. Let S be the uncountable fibre over that point. Then all of the groups
in S have isomorphic representation varieties over A.
Given the negativity of the above, it is fortunate that one can easily show that
an n-generated group G is free iff Dim(RA(G)) = 3n, where A is an irreducible
algebraic group containing a free group of rank 2. This was proven in [L4] for
SL(2,C), but the proof can be readily generalized to an arbitrary irreducible affine
group containing a free group of rank 2.
In fact, one can do better; we next show that even when the algebraic group A
is reducible, the representation variety of a fg free group Fn of rank n over A has
remarkable properties provided that A contains a group isomorphic to F2, the free
group of rank 2. To this end it will be necessary to introduce what we shall call the
“Profile Function Pm” from the space Sm of all algebraic varieties of dimension at
most m over a field K to Zm+1+ given by:
Pm(V ) = (Nm(V ), Nm−1(V ), · · · , N0(V )),
where V is in Sm, and Ni(V ) is the function that counts the number of irreducible
components of dimension precisely i in V . As will become amply clear in the sequel,
this invariant will prove to be quite useful in the study of finitely generated groups,
but first it is important that we introduce some additional notions surrounding it.
Before doing so, let’s make it clear that the profile function for an algebraic variety
of dimension m can be taken at values n ≥ m, provided that all entries to the left
of the leftmost non-zero entry are discarded.
Definition 1.1 (The Profile of a FG Group Over A). If G is a finitely gener-
ated group, then the profile of G over an affine algebraic group A is defined to be
Pd(RA(G)), where d = Dim(RA(G)).
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Definition 1.2 (Same Profile). Two algebraic varieties V and W have the same
profile if they have the same dimension d, and Pd(V ) = Pd(W ).
A trivial consequence of Lemma 1.1 is that given any algebraic group A, there
exists an uncountable set S2 of pairwise non-isomorphic 2-generated groups having
the property that for each pair of different groups Gi, Gj ∈ S2 the profile of the
representation varieties of Gi and Gj over A, respectively, are the same.
Definition 1.3 (Proper Relative Descent, Relative Descent). An algebraic
variety W descends properly relative to an algebraic variety V if there exists a
regular map i :W → V such that i(W ) ⊂ V , and what will be called Property No.
1 holds: Pd(i(W )) = Pd(W ).
One says that W descends relative to an algebraic variety V if i(W ) ⊆ V and
Property No. 1 holds. Obviously, given a finitely generated group G, the repre-
sentation variety over an algebraic group A of any quotient group G/N descends
relative to RA(G), but as the Baumslag-Solitar group < x, y ; xy
2x−1 = y3 >
shows, the descent needs not be proper.
Definition 1.4 (Proper Relative Falling, Relative Falling). An algebraic
variety T is said to have properly falling profile relative to an algebraic variety
V if there exists an algebraic variety W descending properly relative to V with
c = Dim(T ) = Dim(W ) and such that Pc(T ) = Pc(W ).
T is said to be falling relative to V if the algebraic varietyW above only descends
relative to V , c = Dim(T ) = Dim(W ), and Pc(T ) = Pc(W ).
Theorem 1.1. If the free group of rank 2 embeds into the not necessarily irreducible
algebraic group A, then an n-generated group G is free of rank n provided that
Dim(RA(G)) = c and Pc(RA(G)) = Pc(RA(Fn)), where c = nDim(A).
Proof. The fact that Dim(RA(G)) = Dim(RA(Fn)) implies that G is not free of
rank less than n. Let’s assume that G is not free of rank n. Then there is at
least one non-trivial freely reduced word w in G that is a relator of G and involves
some of the n-generators of G. Since, by assumption, A contains a free group of
rank 2, it contains a free group on rank m for any m ≥ 2. Let {g1, g2, · · · , gt}
generate a free subgroup Ft in A of rank t which is greater than or equal to the
number of generators of G appearing in the word w. Then w(g1, g2, · · · , gi) 6= 1 for
any replacement of the generators of G appearing in w with different generators
in {g1, g2, · · · , gt}. It must be so then that RA(G) descends properly relative to
RA(Fn), a contradiction. So G has to be a free group of rank n.
Theorem 1.2. Let the fg generated group G have a faithful representation in the
algebraic group A, and let N be a proper normal subgroup of G. Then RA(G/N)
descends properly relative to RA(G).
Proof. There is a point in RA(G) corresponding to the embedding of G into A.
Since N is proper there is at least one word w that is not the identity in G. Let
ρ be an embedding of G in A, then ρ(w) 6= I in A. Consequently, the irreducible
component containing ρ in RA(G) can not be an irreducible component of the same
dimension in RA(G/N). It follows then that its dimension is smaller, and thus at
least one of the entries in the profile function Pc(RA(G)) changes from that of
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Pc(RA(G/N)). Since RA(G/N) injects properly into RA(G) it must be so that the
profile function of RA(G/N) descends properly relative to the profile function of
RA(G/N), which is what we set out to prove.
Corollary 1.1. Let G0, G1, G2, G3, . . . be a sequence of fg groups having the prop-
erty that each Gi embeds into the algebraic group A, and that Gi+1 is a proper
quotient group of Gi for all values of i in the sequence. There exists an integer k
such that for all integers t ≥ k, Gk ∼= Gt.
Proof. Suppose this is not the case. Then RA(G0) contains an infinite sequence of
representation varieties corresponding to the sequence of fg groups G1, G2, G3, . . .
with the property that RA(Gi+1) descends properly relative to RA(Gi) for each
value of i. But since the Zariski topology is Noetherian this leads to a contradiction.
Thus the associated sequence of representation varieties must stabilize, and since
each of the Gi embeds into A, it must be the case that the sequence of groups also
stabilizes.
Next a lemma is introduced which is quite useful in giving a lower bound for the
dimension of representation varieties of finitely generated groups.
Lemma 1.2. Let RA(G) be the representation variety of a group G with a pre-
sentation of deficiency d ≥ 0 in an algebraic group A of dimension t. Then all
irreducible components of RA(G) have dimension greater than or equal to dt. In
particular, Dim(RA(G)) ≥ dt.
Proof. We will apply the following theorem of Chevalley found in [RS]: Let φ : X →
Y be a dominant morphism of irreducible varieties, and set r = DimX−DimY . Let
W be a closed irreducible subset of Y . If Z is an irreducible component of φ−1(W )
which dominates W , then DimZ ≥ DimW + r. In particular, if y ∈ φ(X), each
component of φ−1(y) has dimension at least r.
One may employ the stated result when dealing with a t dimensional reducible
algebraic group A since all irreducible components are equi-dimensional. Set W =
Im, where Im is the identity in the tm dimensional algebraic group Am. We will
assume that G has a presentation on n generators and m non-trivial relators with
n−m = d ≥ 0. The m relators in the presentation of G can be used, via evaluation
of arbitrary n tuples from An, to give rise to a regular map φ : An → Am whose
fiber over Im is nothing but RA(G). Let A
m
o be the irreducible component in A
m
containing the identity. Then φ(An) dominates at least Im since the identity of An
maps onto it. In particular, φ dominates an irreducible q dimensional subvarietyMo
containing the identity in φ(An)∩Amo . Obviously, I
m is a closed irreducible subset
of Mo. Now, if r = tn − q, it follows by the result stated that every irreducible
component Z that dominates W has DimZ ≥ DimW + r. In particular, DimZ ≥
tn − tm since r ≥ tn − tm. In other words, DimZ ≥ t(def(G)), where def(G) is
the deficiency of the presentation of G chosen.
Lemma 1.3. Let A be an irreducible algebraic group of dimension d and let G have
a presentation of deficiency n − m. If Dim(RA(G)) = d(n − m), then for some
positive integer i,
Pd(n−m)(RA(G)) = (i, 0, . . . , 0).
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Proof. A group with irreducible components of dimension ≥ d(n −m) by Lemma
1.2. But, Dim(RA(G)) = d(n−m). It follows then that there are only zeros in the
rest of the entries of the profile function of its representation variety.
Example. Let G =< x, y, z ; xpyqzt = 1 >, where p, q, and t are integers greater
than one with at least one of them greater than two. If A = SL(2,C), we have
that RA(G) = (i, 0, 0, 0, 0, 0, 0), where i is an integer greater than one. This follows
directly from Theorem 1.2 of [L4]. It turns out, by a result in [BC], that if all of
the integers are exactly 2 then i = 1. As we shall see in the sequel, the situation
changes if A = PSL(2,C).
Theorem 1.3. Let G be the fundamental group of either a compact orientable
surface of genus g ≥ 1 or a non-orientable surface of genus g ≥ 4, and let A =
SL(2,C). Suppose that N is a non-trivial normal subgroup in G. LetDim(RA(G)) =
d, then
(1) Pd(RA(G)) has a one in its left most entry and zeros in all other entries,
(2) Nd(RA(G/N)) = 0, and
(3) Pd(RA(G/N)) 6= Pd(RA(G)).
Proof. By [RBC], we know that compact orientable surface groups of genus g ≥ 1
have irreducible representation varieties in SL(2,C), and that the same holds for
non-orientable surface groups of genus g ≥ 3. This proves (1). Now the orientable
surface groups of genus g = 1 embed into SL(2,C), and by [BGSP] all of the
orientable surface groups of genus g ≥ 2 as well as all the non-orientable surface
groups of genus g ≥ 4 embed into SL(2,C) since they are fully residually free and
SL(2,C) is a connected complex semisimple Lie group; so Theorem 1.2 yields (2)
together with (1). Part (3) is a result of (2).
Theorem 1.4. Let A be a connected complex semisimple algebraic group, G a non-
abelian fg fully residually free group, and N a non-trivial normal subgroup of G.
Then Pd(RA(G)) 6= Pd(RA(G/N)).
Proof. By [BGSP], any connected semisimple Lie group contains a dense copy of
any non-abelian fully residually free group. Thus G embeds into A. The result
follows from Theorem 1.2.
Proposition 1.1. Let G be a finitely generated free abelian group, A = SL(2,C),
and suppose that Dim(RA(G)) = d, and that N is non-trivial normal subgroup of
G. Then Pd(RA(G)) 6= Pd(RA(G/N)).
Proof. Without loss of generality assume that G is generated by {x1, . . . , xn}. Let
L be the list of the first n odd primes denoted thus: p1, p2, . . . , pn. With each prime
pk in the list L associate a two by two matrix mk with the property that mk has
entries ai,j = 0 if i 6= j, a1,1 = pk, and a2,2 =
1
pk
. The matrix mk lies in A, and it is
straightforward to see that the homomorphism φ : G → A given by φ(xi) = mi is
an embedding of G into A. The conclusion of the proposition follows from Theorem
1.2.
Two: Projection of Solutions and Word Equations
In this section we will assume that all algebraic groups are irreducible. If A is
an algebraic group over an algebraically closed field of characteristic zero, N is a
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closed normal subgroup of A, and pi : A → A/N is the projection map, then it
is well known that A/N is an algebraic group. If N is finite, then it lies in the
center of A whenever A is irreducible. Note that every finite normal subgroup of
an algebraic group is necessarily closed.
Definition 2.1. Let A be an algebraic group, N a finite normal subgroup of A,
and pi : A→ A/N the projection map. If S ⊆ A, then define pi(S) = {pi(s) | s ∈ S}
to be the projection of S in A/N.
Proposition 2.1. Let S ⊆ A be an algebraic set, then pi(S) is also an algebraic
set.
Proof. The projection map pi : A → A/N is a surjective open and closed regular
map and thus, since N is finite, maps closed algebraic sets of A to closed algebraic
sets of A/N .
The next result is a standard fact in the theory of algebraic groups. We omit the
proof.
Proposition 2.2. Let G and G′ be algebraic groups with finite normal subgroups
H and H ′, respectively. Then G/H×G′/H ′ and (G×G′)/(H×H ′) are isomorphic
as algebraic groups.
Induction yields:
Corollary 2.1. Let {Gi} be a finite collection of algebraic groups and {Hi} be
corresponding finite normal subgroups, respectively, where i ∈ {1, . . . , n}. Then the
Cartesian product of the {Gi}’s modulo the Cartesian product of the {Hi}’s is
isomorphic, as an algebraic group, to the Cartesian product of the {Gi/Hi}’s.
Notation. Denote the canonical projection map from an algebraic group A to the
algebraic group A/H by pi. Please note that under the proper context pi shall also
denote the canonical projection map from An to (A/H)n.
Proposition 2.3. Let H be a finite normal subgroup of the algebraic group A and
let pi : An → (A/H)n be the projection map. Then:
(1) Dim(A/H) = Dim(A)
(2) Dim(An) = Dim((A/H)n) = nDim(A)
(3) If V is an algebraic set in An, then Dim(V ) = Dim(pi(V )).
(4) If V is an irreducible algebraic set, then pi(V ) is also irreducible.
Proof.
(1) : Under the conditions stipulated, Dim(A/H) = Dim(A) −Dim(H); but
H is finite, and thus has dimension zero.
(2) : The dimension of the product of a finite number of algebraic varieties is the
sum of the dimension of its factors. By (1), it is the case that Dim(A/H) =
Dim(A). It follows that Dim(An) = Dim((A/H)n) = nDim(A).
(3) : The map pi is regular and has finite fiber over each point of pi(V ). It
follows that Dim(V ) = Dim(pi(V )).
(4) : If V is irreducible and pi(V ) is not, then the irreducibility of V is contra-
dicted since the projection map pi is a closed regular map.
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Given an algebraic group A, a free group Fn on {x1, . . . , xn}, a non-trivial word
w = w(x1, . . . , xn) in Fn, and the expression w = h, where h ∈ A, one can think of
n-tuples (m1, . . . ,mn) of elements of A as solutions to the equation w = h provided
that an orderly replacement in w of each xi with mi makes valid the statement
w(m1, . . . ,mn) = h. This is the same as saying that there exists a representation
ρ ∈ RA(Fn) having the property that ρ(w) = h. Both ways of looking at the
situation will be used interchangeably in the sequel. Note that it is not necessary
that all generators of Fn appear in the word w.
Theorem 2.1. Let A be an algebraic group and H a finite normal subgroup of A of
order m. Let w be a non-trivial freely reduced word in the free group Fn with basis
{a1, . . . , an}. Then the solutions of the equation w = 1 in A/H are given by the
projections to A/H of the solutions in A of the equations
⋃m
i=1{w = hi |hi ∈ H}.
Proof. If (a1, . . . , an) is a solution in A to the equation w = hi, with hi ∈ H , then
it is clear that pi(w(a1, . . . , an)) = pi(hi), where pi : A → A/H is the projection
map. Thus, pi(w(a1, . . . , an)) = 1. And so solutions in A of w = hi (hi ∈ H)
correspond to solutions over A/H of w = 1. Now suppose that w(b1, . . . , bn) = 1,
where bi ∈ A/H ; then each bi corresponds to a coset ciH , for some ci ∈ A. In
particular, w(c1, . . . , cn) = t, where t ∈ pi−1(1); but pi−1(1) = H .
Proposition 2.4. V has falling profile, or properly falling profile relative to pi−1(V ),
where V ⊆ (A/H)n is a closed algebraic set.
Proof. pi−1(V ) is Zariski closed, and since H is finite, the coordinate algebra of
pi−1(V ) is an integral extension of the coordinate algebra of V . Consequently,
over any prime ideal of the coordinate algebra of V there is a prime ideal of the
coordinate algebra of pi−1(V ). In particular, for every prime ideal chain of length l in
the coordinate algebra of V there corresponds a prime ideal chain in the coordinate
algebra of pi−1(V ) at least as long as l. Because the Krull dimension of a coordinate
algebra corresponding to an algebraic variety is nothing but the dimension of the
variety, the result follows.
Example. Let A = SL(2,C) and A/H = PSL(2,C). Let V = RPSL(2,C)(Z2). Then
it is easy to see that Dim(V ) = 2 and P2(V ) = (1, 0, 1).
Notice, however, that P2(pi
−1(V )) = P2({m |m
2 = ±I, m ∈ SL(2,C)}), the right
side of which is nothing but P2(RSL(2,C)(Z2) ∪ {m |m ∈ SL(2,C), tr(m) = 0}) =
(1, 0, 2). Thus, V has properly falling profile relative to pi−1(V ).
Three: Representation Varieties in PSL(2,C)
for a Class of One-Relator Groups
The next theorem gives a method for computing Dim(RA(G)), where A =
PSL(2,C), for certain classes of one relator cyclically pinched groups, and also
gives conditions guaranteeing the reducibility of the corresponding representation
variety.
Theorem 3.1.
(1) Let G =< X, y ; W (X) = yp >, where Card(X) = n, p > 1, and let
W (X) be a non-trivial freely reduced word in the free group on X. Then
Dim(RA(G)) = Max{3n,Dim(RA(G′)) + 2} ≤ 3n + 1, where G′ =<
X ; W (X) = 1 >.
(2) If Dim(RA(G
′)) + 2 ≥ 3n in (1), then RA(G) is reducible.
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Before proceeding we shall adopt the following notation.
Notation. Given an algebraic group A, an element a ∈ A, and an integer p, denote
by ΩA(p, a) the closed set {m |mp = a,m ∈ A}. When the context is clear ΩA(p, a)
will be simply denoted as Ω(p, a).
Example. Here’s an illustration of how Theorem 3.1 may be used. Consider the
group G =< x, y, z ; [x, y] = zp >, where p ≥ 2. We will compute Dim(RA(G)).
By Theorem 3.1, Dim(RA(G)) = Max{6, Dim(RA(G′)) + 2} ≤ 3n + 1, where
G′ =< x, y ; [x, y] = 1 >. Using [RBC] we know that RSL(2,C)(G
′) is irreducible
and four dimensional. By Proposition 2.3 (3), we know that pi(RSL(2,C)(G
′)) maps
to a four dimensional component in PSL(2,C)2. By Theorem 2.1, it is the case that
pi(V ) is also in RA(G
′), where V = {(m1,m2) | [m1,m2] = −I, m1,m2 ∈ SL(2,C)}.
Thus, we must compute Dim(pi(V )). It suffices to compute Dim(V ). It is easy
to deduce that tr(m1) = tr(m2) = 0. Thus, V is a subvariety of the four di-
mensional irreducible variety Ω(2,−I)× Ω(2,−I) ⊂ SL(2,C)× SL(2,C). Because
there is at least one pair of matrices (m1,m2) ∈ Ω(2,−I) × Ω(2,−I) that is not4
in V , we have that Dim(V ) < 4. And so Dim(pi(V )) < 4. We immediately
know then that Dim(RA(G)) = 6. Incidently, we know by Lemma 1.2 that the
precise dimension of pi(V ), if pi(V ) is an irreducible component of RA(G
′), has to
be three since the deficiency of the presentation G′ is one, and PSL(2,C) is of
dimension three. Theorem 3.1 also guarantees for us the reducibility of RA(G).
Incidently, when p = 2, the above group is isomorphic to < x, y, z ; x2y2z2 = 1 >,
the closed non-orientable surface group of genus three since it is known that a
closed non-orientable surface groups of genus k ≥ 3 can be given the presen-
tation < x1, x2, . . . , xk ; [x1, x2]x
2
3 · · ·x
2
k >. By a result of [BC], we have that
RSL(2,C)(< x, y, z ; [x, y] = z
2 >) is irreducible, something that is not the case
for RA(< x, y, z ; [x, y] = z
2 >).
Proof of (1) of Theorem 3.1.
The proof will employ the following lemmas stated independently for transparency.
Lemma 3.1. Dim(RA(Zt)) = 2, for t ≥ 2.
Proof. This is a special case of Theorem 4.4 below.
The next lemma will prove quite useful in the sequel.
Lemma 3.2. A dominating and regular map from an affine variety to an irre-
ducible variety contains an open set in its image.
Proof. Standard fact; see [MD].
At this juncture, the stage is set for the proof of the theorem. We begin by
introducing the following projection map from RA(G) to RA(Fn):
Φ : RA(G)→ RA(Fn)
given by Φ(m1, . . . ,mn+1) = (m1, . . . ,mn).
4Example: Take m1 =
 
0 a
−1
a
0
!
and m2 =
 
0 b
−1
b
0
!
such that a2 6= −b2.
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Let V = {ρ ∈ RA(G) | ρ(W (X)) = I}; then it is easy to see that Φ(V ) =
RA(G
′), and consequently, since G′ is of deficiency (n − 1) by Lemma 1.2, that
Dim(RA(G
′)) ≥ Dim(PSL(2,C))(n− 1).
Now, since G′ is not free on n generators, given that W is a freely reduced
non-trivial word, it follows that Dim(RA(G
′)) < Dim(PSL(2,C))n = 3n. Thus,
(3-1) 3(n− 1) ≤ Dim(Φ(V )) < 3n.
Furthermore, for every point m in Φ(V ) one has that Dim(Φ−1(m)) = 2, a
consequence of Lemma 3.1. It follows that
(3-2) Dim(V ) = Dim(Φ(V )) + 2 = Dim(RA(G
′)) + 2.
By (3-1), we have
(3-3) Dim(RA(G
′)) + 2 ≤ 3n+ 1.
Let O2 = RA(Fn) − Φ(V ). Clearly, O2 is an open set in RA(Fn). Furthermore,
if m ∈ O2 lies in Φ(RA(G)) ∩ O2 then it is the case that Dim(Φ−1(m)) = 0. By
Lemma 3.2, Φ(RA(G)) contains an open set inO in RA(Fn). Thus, the irreducibility
of RA(Fn) insures that O2 ∩O = O1 is an open set, and Φ−1(O1) ⊆ {RA(G)− V }
is open and dense in at least one component of largest dimension in {RA(G)− V }.
Moreover, Dim(Φ−1(m)) = 0 for all m ∈ O1, and thus Dim(Φ−1(O1)) = 3n. This
immediately implies that Dim(RA(G) − V ) = 3n.
Since
RA(G) = {RA(G)− V } ∪ {V },
we haveDim(RA(G)) = Max{Dim(RA(G)−V ), Dim(V )} =Max{3n,Dim(RA(G′))+
2}. Therefore, Max{3n,Dim(RA(G′)) + 2} ≤ 3n+ 1 by (3-3) or (3-2). The proof
of (1) is complete.
To complete the proof, it is necessary to introduce the following lemma:
Lemma 3.3. Let W be an algebraic variety of dimension n and V ” a proper sub-
variety of W . If Dim(W − V ”) = n and Dim(V ”) ≥ n, then W is reducible.
The upshot of Lemma 3.3 is that if Dim(RA(G
′)) + 2 ≥ 3n, then RA(G) is
reducible. The proof of Theorem 3.1 is now complete if the lemmas assumed can
be established.
Proof of Lemma 3.1. By Proposition 2.3, pi leaves the dimensions fixed. By Theo-
rem 2.1, RA(Zp) = pi({Ω(p, I)∪Ω(p,−I)}). Thus, Dim(RA(Zp)) = Dim{Ω(p, I)∪
Ω(p,−I)}. But by Proposition 4.2,Dim{Ω(p, I)∪Ω(p,−I)} = 2 whenever an inte-
ger p ≥ 2 is chosen. This completes the proof.
Proof of Lemma 3.3. Assume thatW is irreducible of dimension n. ThenDim(W−
V ”) = n implies Dim(V ”) < n, else a contradiction would arise.
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Four: Algebraic Varieties with Conditions
If A is an algebraic group and t ∈ A, then the left translation ρt : A→ A given
by ρt(v) = tv is an isomorphism of the algebraic variety A onto itself. Next a
condition is defined insuring that certain closed sets in A are mapped to themselves
by translations ρt associated with any element t in the center of the algebraic group
A. We could define this for more general settings, but the case A = RSL(2,C)(Fn)
is enough for our treatment.
Definition 4.1. (The ± Condition). An algebraic variety V ⊆ SL(2,C)n satis-
fies the± Condition if whenever v = (m1, . . . ,mn) is in V , then so is (±m1, . . . ,±mn).
So an algebraic variety V satisfies the ± Condition provided it is mapped to itself
by all isomorphisms of SL(2,C)n induced by central translations.
Proposition 4.1. Let w be a non-trivial freely reduced word in Fn =< x1, . . . , xn >,
the free group of rank n. Let V−1 = {ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) = −I}, and V1 =
{ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) = I}. Suppose that each of these two algebraic varieties
satisfies the ± Condition. If pi : RSL(2,C)(Fn)→ RPSL(2,C)(Fn) is the canonical pro-
jection map, the following holds: pi(V−1)∩pi(V1) = ∅ and disconnected, provided that
pi(V−1) and pi(V1) are non-empty. In particular, RPSL(2,C)(< x1, . . . , xn ; w = 1 >)
is disconnected, and so are the sets V−1 and V1 in RSL(2,C)(Fn).
Proof. The space RA(Fn) is nothing but the algebraic group A
n, where A is an
algebraic group. Since pi is a closed regular map, pi(V ) is closed when V is a closed
algebraic set in SL(2,C)n, as are the algebraic sets V−1, and V1. Let v ∈ V−1.
We must show that pi(v) is not in pi(V1). Suppose it lies in pi(V1); so pi
−1(v) is
a solution to the SL(2,C) equation w(x1, . . . , xn) = I obtained from the word
w. This is a contradiction since pi−1(v) must satisfy the ± Condition and it is a
solution to the SL(2,C) equation w(x1, . . . , xn) = −I; so it can’t be a solution
to w(x1, . . . , xn) = I. Using the same argument a contradiction arises when we
assume that some v ∈ V1 lies in pi(V−1). Because the projection map is also an
open map pi(V−1) ∪ pi(V1) is the disjoint union of two open sets in RPSL(2,C)(Fn)
when both sets are non-empty; under such an assumption, it follows that their
union is disconnected, and in particular RPSL(2,C)(< x1, . . . , xn ; w = 1 >) is a
disconnected variety since RPSL(2,C)(< x1, . . . , xn ; w = 1 >) = pi(V−1) ∪ pi(V1).
The sets V−1 and V1 are disconnected since a regular map is continuous in the
Zariski topology, and their image under pi is disconnected as established above. It
follows that they could not have been connected in the first place.
The ± Condition for an algebraic variety V is SL(2,C)n is equivalent to the
following mapping criteria stipulated in the next lemma.
Lemma 4.1. An algebraic variety W in RSL(2,C)(Fn) satisfies the ± Condition iff
pi−1(pi(W )) =W , where pi : SL(2,C)n → PSL(2,C)n is the canonical projection.
Proof. Suppose an arbitrary point (m1, . . . ,mn) ∈ W is chosen, and that W
satisfies the ± Condition. Then pi−1(pi(m1, . . . ,mn)) = pi−1([m1], . . . , [mn]) =
(±m1, . . . ,±mn) ∈ W, where [mi] denotes the equivalency class ofmi in PSL(2,C).
Since W is the union of all the fibers pi−1(v) of points v in pi(W ), it follows that
pi−1(pi(W )) = W . Now, suppose that pi−1(pi(W )) = W . If (m1, . . . ,mn) ∈ W,
then pi−1(pi(m1, . . . ,mn)) ∈ W. However, pi
−1(pi(m1, . . . ,mn)) = (±m1, . . . ,±mn).
Therefore, (±m1, . . . ,±mn) ∈W and the ± Condition is met.
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Example. Consider the word x2 in the free group of rank one, and the resulting
equations x2 = I, and x2 = −I in SL(2,C). It is not difficult to see that the variety
V1 obtained as solutions to the first equation is {±I}, and that V1 satisfy the ±
Condition; V1 is a reducible variety with two points as irreducible components;
the individual components are permuted by the isomorphism of SL(2,C) induced
by left translation with the element −I. Now, let V−1 be the solutions to the
second equation x2 = −I; then V−1 consists of all matrices of trace zero, and since
V−1 is the orbit under conjugation of a matrix of trace other than ±2 , it is an
irreducible variety of SL(2,C). Notice also that each point of the variety satisfies
the ± Condition as well, and that left translation by the element −I maps this
variety to itself. Observe that pi(V1) is the identity element in PSL(2,C), and
pi(V−1) are the equivalency classes of all matrices of trace zero in PSL(2,C). So
no component of V1 mapped into a component of V−1, and no component of V−1
mapped into a component of V1. Incidentally, notice also that one of the components
of V1 collapsed, making pi(V1) an irreducible variety.
Theorem 4.1. Let w be a non-trivial freely reduced word in the commutator sub-
group of Fn =< x1, . . . , xn >, and G =< x1, . . . , xn ; w = 1 >. If RSL(2,C)(G)
is an irreducible variety and V−1 = {ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) = −I} 6= ∅, then
Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)).
Proof. If w is a non-trivial freely reduced word in the commutator subgroup of
Fn then V−1 = {ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) = −I}, and similarly V1 = {ρ | ρ ∈
RSL(2,C)(Fn), ρ(w) = I} are properly contained in RA(Fn), for A any algebraic
group where Fn embeds. In particular, this is the case for SL(2,C) since by Sanov,
[SN], free groups embed in it. Now, because the word w is in the commutator
subgroup, and {I,−I} is the center of SL(2,C), it can be checked that the alge-
braic varieties V−1, and V1 satisfy the ± Condition; for, by Wicks [WJ] when an
arbitrary generator x of Fn appears in w, it is also the case that the inverse of
the generator appears, and the number of occurrences of x in w is exactly equal
to the number of occurrences of x−1. Now, by assumption the algebraic variety
RSL(2,C)(G) is irreducible, and non-empty since it contains at least the identity
of the algebraic group RSL(2,C)(Fn). One can easily see that the algebraic vari-
ety V1 = RSL(2,C)(G). The set pi(V1) is non-empty, and by Proposition 2.3, the
algebraic set pi(V1) is also irreducible and of the same dimension as its pre-image;
now by Proposition 4.1, pi(V−1) ∩ pi(V1) = ∅ and by assumption V−1 is non-empty
and thus neither is pi(V−1). Thus pi(V−1) and pi(V1) share no irreducible com-
ponents of any dimension. So Pd(RSL(2,C)(G)) 6= Pd(pi(V−1) ∪ pi(V1)). But, by
Theorem 2.1, it is the case that RPSL(2,C)(G) = pi(V−1) ∪ pi(V1). It follows then
that Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)), which is what we set out to show.
Corollary 4.1. Let G be the fundamental group of a compact orientable surface of
genus g ≥ 1, then Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)), where d = Dim(RA(G)),
and A is either SL(2,C) or PSL(2,C).
Proof. A presentation of such a group can be found with its relator w in the com-
mutator subgroup of the free group on its 2g generators; thus we can obtain two
algebraic varieties V1, and V−1 in SL(2,C)
2g satisfying the ± Condition by The-
orem 4.2. Now, by [RBC] we know that RSL(2,C)(G) is irreducible. The result
follows once we show that V−1 is not empty. Well, there are matrices (m1,m2)
in SL(2,C)2 with [m1,m2] = −I, where [m1,m2] stands for the commutator of
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the matrices m1 and m2. It follows that a word in the free group F2g of the type
[x1, x2][x3, x4] . . . [x2g−1, x2g] can be evaluated over SL(2,C)
2g to equal −I simply
by mapping each of the generators xi for i < 2g − 1 to I and setting x2g−1 = m1
and x2g = m2. So the algebraic variety V−1 is not empty; the result follows.
Theorem 4.2. Let w be a non-trivial and freely reduced word in the free group
Fn, with even exponent sum on each generator. Let G =< x1, . . . , xn; w = 1 >.
If RSL(2,C)(G) is an irreducible variety and V−1 = {ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) =
−I} 6= ∅, then Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)).
Proof. Essentially the same argument as was given in the proof of Theorem 4.1
applies in this setting. If the exponent sum of each generator in the word w is even.
Then since {±I} is the center of SL(2,C), substituting −I for any generator x1
appearing in w it is the same as raising −I to an even power, and thus results in I.
Thus a replacement as stipulated by the ± Condition does not affect the algebraic
varieties V−1 or V1 . The irreducibility of RSL(2,C)(< x1, . . . , xn ; w = 1 >), and the
equi-dimensionality between RSL(2,C)(< x1, . . . , xn ; w = 1 >) and its image under
pi guarantees that if the set V−1 is non-empty Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)),
an immediate consequence of Proposition 4.1.
The next lemma guarantees that V−1 is always non-empty provided that a minor
assumption on the word w is made.
Lemma 4.2. Let a freely reduced word w in Fn =< x1, . . . , xn > be such that it
has even exponent sum not equal to zero on one of the generators appearing in it,
then the algebraic variety V−1 = {ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) = −I} 6= ∅. If, in
addition, V−1 and V1 each satisfy the ± Condition, then Dim(V−1) ≥ 3(n− 1).
Proof. Assume that xi is a generator with even exponent sum other than zero in
w. It will be shown that there is at least one point in V−1. Since −I is its own
inverse we can assume that xi has exponent sum s ≥ 2. Then, in w substitute
all occurrences of xi with a value m ∈ Ω(s,−I), and all other variables replace
with the matrix I. Then the point (I, I, . . . ,m, I, . . . ), where m corresponds to
the xi entry, is a point in V−1. Now, if in addition V−1, and V1 each satisfy the
± Condition, we have the consequences of Proposition 4.1 guaranteeing that for
G =< x1, . . . , xn ; w = 1 >, the irreducible components of RPSL(2,C)(G) contained
in V−1, are disjoint from those of V1. By Lemma 1.2, all irreducible components of
RPSL(2,C)(G) have dimension ≥ 3(n− 1). We are done.
Corollary 4.2. Let G be the fundamental group of an compact non-orientable
surface of genus g ≥ 3, then Pd(RSL(2,C)(G)) 6= Pd(RPSL(2,C)(G)), where d =
Dim(RA(G)), and A is either SL(2,C) or PSL(2,C).
Proof. Obviously a presentation of such group can be found with its relator W
giving rise to two algebraic varieties V−1, and V1 in SL(2,C) satisfying the ±
Condition. By [BC] we know that RA(G) is irreducible when A = SL(2,C). By
Proposition 4.1, such a group has a reducible representation variety over PSL(2,C).
The result follows.
Definition 4.2 (Lift of a Representation). Let ρ ∈ RPSL(2,C)(G) be a repre-
sentation of a finitely generated group G. Then ρ is said to have a lift if there exists
φ ∈ RSL(2,C)(G) such that pi ◦ φ = ρ.
Observation. If a group G is generated by the set {x1, . . . , xn}, then RA(G) is in
one-to-one correspondence with the set {(ρ(x1), . . . , ρ(xn)) ∈ An | ρ ∈ RA(G)}.
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Theorem 4.3. Let G be a one relator n-generated group whose relator is a non-
trivial word w in Fn =< x1, . . . , xn > which gives rise to algebraic varieties V1 and
V−1, as in Proposition 4.1, satisfying the ± Condition. Then no representation
ρ ∈ RPSL(2,C)(G) with (ρ(x1), . . . , ρ(xn)) ∈ pi(V−1) has a lift.
Proof. Suppose that a representation ρ ∈ RPSL(2,C)(G) with (ρ(x1), . . . , ρ(xn)) ∈
V−1 has a lift. Then, there exists a homomorphism φ : G → SL(2,C) such that
pi ◦ φ = ρ. In particular, using the observation above, we have after extending φ
to the n-tuple (x1, . . . , xn) that pi(φ(x1, . . . , xn)) equals (ρ(x1), . . . , ρ(xn)) = m =
(m1, . . . ,mn) ∈ PSL(2,C)n , and it is the case that pi−1(m) = (±m1, . . . ,±mn).
But since V−1 satisfies the ± Condition, the n-tuples of matrices pi−1(m) all lie in
V−1. Now (φ(x1), . . . , φ(xn)) ∈ pi−1(ρ(x1), . . . , ρ(xn)). But since V1 satisfies the ±
Condition, this implies that φ(w) = −1, a contradiction since w is the relator of G.
So no representation ρ in pi(V−1) can be lifted.
Lemma 4.3. Let V1 and V2 be non-trivial algebraic varieties in SL(2,C)
n which
satisfy the “Minus Condition” stipulated below.
The Minus Condition:
(1) If m = (m1,m2, . . . ,mn) ∈ V1 then −m ∈ V2.
(2) If m = (m1,m2, . . . ,mn) ∈ V2 then −m ∈ V1.
Then V1 and V2 are isomorphic, pi(V1) = pi(V2), and if either V1 or V2 is irreducible,
then pi(V1 ∪ V2) is irreducible in PSL(2,C)n.
Proof. Clearly, two algebraic varieties meeting the Minus Condition are isomorphic
since the condition gives rise to a bijective correspondence originating from a regular
map whose inverse is also a regular map. That pi(V1) = pi(V2) follows from the fact
that for each point m ∈ V1, the point −m is in V2, and conversely, and the pair of
points m, −m map to a single point in PSL(2,C)n. The irreducibility follows since
the image of an irreducible variety under a regular map should also be irreducible.
Example. Let G =< x, y, z ; x2 = 1 >. It is easy to see that RSL(2,C)(G) =
{I × SL(2,C)2} ∪ {−I × SL(2,C)2}. Let V1 = I × SL(2,C)n, and let V2 =
−I × SL(2,C)n. Then V1 and V2 meet the Minus Condition, and at least one
of the Vi (i = 1, 2) is irreducible. Consequently, pi(RSL(2,C)(G)) is irreducible. In
fact, since RSL(2,C)(G) is six dimensional, with irreducible components V1, and
V2 respectively, P6(RSL(2,C)(G)) = (2, 0, 0, 0, 0, 0, 0). Further, as a consequence of
the earlier statements in this example, P6(pi(RSL(2,C)(G)) = (1, 0, 0, 0, 0, 0, 0). It
is readily seen, however, that RPSL(2,C)(G) consists of more than pi(RSL(2,C)(G)).
In fact it contains an eight dimensional irreducible variety, namely pi(V3), where
V3 = {(m1,m2,m3) |mi ∈ SL(2,C), tr(m1) = 0}. Now, by Proposition 4.1, it is
the case that since the word x2 is a non-trivial word in the free group of rank 3 on
the generators {x, y, z}, and that since the SL(2,C) solutions S1, and S−1 to the
equations x2 = I, and x2 = −I, respectively, satisfy the ± Condition of Proposi-
tion 4.1, that pi(S1 ∪ S−1) is a reducible variety. So pi(Si) does not collapse onto
pi(Sj), where i 6= j and i, j ∈ {1,−1}. In fact, pi(S−1) is irreducible since S−1 is
irreducible and the projection map is regular. Putting the foregoing together yields
for example that P8(RPSL(2,C)(G)) = (1, 0, 1, 0, 0, 0, 0, 0, 0).
Next we compute the profile function of RPSL(2,C)(Zn), when n ≥ 2. Clearly, by
Lemma 3.1, Dim(RPSL(2,C)(Zn)) = 2. Before starting it is prudent to introduce
some notational convention.
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Notation.
(1) If x ∈ SL(2,C), denote by [x] the equivalency class corresponding to x in
PSL(2,C).
(2) For positive integers p, q, and n, let diag(p, q) stand for the 2× 2 matrix(
e
ppii
n 0
0 e
qpii
n
)
, where 0 < p < 2n, p 6= n, and 0 < q < 2n, q 6= n.
(3) x ∼ y shall mean that x is conjugate to y (i.e. x and y are in the same orbit
under the action of conjugation).
Theorem 4.4.
(1) P2(RPSL(2,C)(Zn)) = (
n
2 , 0, 1), if n is even.
(2) P2(RPSL(2,C)(Zn)) = (
n−1
2 , 0, 1), if n is odd.
Proof. It is clear that there are no components of dimensions two or one and only
one component of dimension zero for the case of n = 1. We assume throughout the
proof that n > 1.
We shall first count the number of two dimensional irreducible components of
RPSL(2,C)(Zn). Let pi : SL(2,C) → PSL(2,C) be the projection map defined by
pi(a) = [a]. Then RPSL(2,C)(Zn) is the image under pi of the SL(2,C) algebraic set
Ω(n, I) ∪ Ω(n,−I) by Theorem 2.1. Clearly, by way of the structural invariance
of the canonical forms between the non-singular matrices m and m
1
n , solutions
to the equations xn = ±I are all diagonalizable with spectrum nth roots of 1, or
−1, depending respectively on whether xn = I or xn = −I is being considered.
Additionally, because with the exception of the points I and −I, the orbit of any
diagonalizable matrix in SL(2,C) is a two dimensional irreducible variety [L2], com-
puting the two dimensional irreducible components in PSL(2,C) of RPSL(2,C)(Zn)
will prove to be merely an application of Lemma 4.3 to the two dimensional irre-
ducible components in SL(2,C) of Ω(n, I)∪Ω(n,−I) obeying the Minus Condition.
For any n = 2, 3, 4, . . . , an element of Ω(n, I) or Ω(n,−I) is similar to a matrix
of the form diag(p,−p) since 0 < p < 2n, p 6= n. Notice that there are 2n − 2
such matrices. We would like to determine the number of conjugacy classes of
[diag(p,−p)] in PSL(2,C). To begin with, observe that diag(p,−p) ∼ diag(−p, p)
since there is only one conjugacy class of matrices of any fixed given trace other
than ±2 in SL(2,C). Consequently, the following identity is established:
(4.1) diag(p,−p) ∼ diag(2n− p, p− 2n)
Observe that there is a total of n − 1 such conjugacy equivalences. Hence, in
PSL(2,C), we have that
(4.2) [diag(p,−p)] ∼ [diag(2n− p, p− 2n)]
for p = 1, 2, . . . , n− 1. This implies that there are at most n− 1 conjugacy classes.
Next we make use of the identity
(4.3) diag(p,−p) = −diag(p− n, n− p)
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for 1 ≤ p ≤ n − 1 in particular. Note that the equality (4.3) projects via pi to
[diag(p,−p)] = [−diag(p − n, n − p)] = [diag(p − n, n − p)] in PSL(2,C). Hence,
we have the obvious conjugacy relation in PSL(2,C) :
(4.4) [diag(p,−p)] ∼ [diag(p− n, n− p)]
Thus, if n ≥ 2 is even, there are precisely n2 − 1 unique relations of the form
(4.3), up to conjugacy, for 1 ≤ p ≤ n2 − 1. We deduce, by (4.4), that there are
n− 1− (n2 − 1) =
n
2 conjugacy classes.
If n > 2 is odd, then there are n−12 unique relations of the form (4.3), up to
conjugacy, for 1 ≤ p ≤ n−12 . Again, by (4.4), we find that there are n−1− (
n−1
2 ) =
n−1
2 conjugacy classes.
All two dimensional irreducible components of RPSL(2,C)(Zn) are now accounted
for. Obviously, there are no conjugacy classes of dimension one in SL(2,C), nor in
PSL(2,C); so the number of one dimensional components of RPSL(2,C)(Zn) is zero.
The number of zero dimensional components is another matter. The algebraic
set Ω(n, I)∪Ω(n,−I) in SL(2,C), when n is even, has exactly two zero dimensional
irreducible components, namely ±I, and these two components satisfy the Minus
Condition. So, in PSL(2,C), they correspond to exactly one zero dimensional
component by Lemma 4.3. When n is odd, Ω(n, I) ∪ Ω(n,−I) again has two zero
dimensional irreducible components satisfying the Minus Condition. This completes
the proof.
Compare Theorem 4.4 with the following:
Proposition 4.2.
(1) P2(RSL(2,C)(Zn)) = (
n−2
2 , 0, 2), if n is even.
(2) P2(RSL(2,C)(Zn)) = (
n−1
2 , 0, 1), if n is odd.
Proof. Clearly there are no one dimensional components. When n is even, ±I
are the only zero dimensional components. When n is odd, I is the only zero
dimensional component. The number of two dimensional components when n is
even and when n is odd were computed in [L3]. The result thus follows.
We will employ Theorem 4.4 in computing the profile function for RPSL(2,C)(G),
where G is the free product of two finite cyclic groups; this will prove useful in our
study of the profile functions of RPSL(2,C)(G), when G is is a torus knot group.
The next lemma will prove indispensible.
Lemma 4.4. Let V andW be algebraic varieties with dim(V ) = d1 and dim(W ) =
d2. Then
(1) dim(V ×W ) = d1 + d2 and
(2) Nd1+d2(V ×W ) = Nd1(V )Nd2(W ).
Proof. This is an elementary result, the proof of which may be deduced from the
basic properties of irreducible varieties and and their Krull dimension. See, for
example, [MD].
The next lemma is stated merely for completion, and its proof will also be
omitted, as it is an elementary exercise. As usual, G1 ∗G2 denotes the free product
of the groups G1 and G2.
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Lemma 4.5. If G1 and G2 are fg groups and A is an algebraic group, then RA(G1∗
G2) = RA(G1)×RA(G2).
The next theorem gives the profile function for the PSL(2,C) representation
variety of the free product of two cyclic groups of finite order. Besides being an
interesting result in its own right, it will also be indispensable in our study of the
profile function over PSL(2,C) for the representation varieties associated with a
class of one relator groups containing the class of torus knot groups.
Theorem 4.5. Let Zk be the cyclic group of order k ≥ 2, and let A = PSL(2,C).
Then P4(RA(Zm ∗ Zn)) equals:
(1) (mn4 , 0,
m+n
2 , 0, 1) if both m and n are even.
(2) (n(m−1)4 , 0,
m+n−1
2 , 0, 1) if m is odd and n is even.
(3) (m(n−1)4 , 0,
m+n−1
2 , 0, 1) if m is even and n is odd.
(4) ( (m−1)(n−1)4 , 0,
m+n−2
2 , 0, 1) if both m and n are odd.
Proof. First, recall that for k ≥ 2, Dim(RA(Zk)) = 2, and that Dim(RA(Zm ∗
Zn)) = 4 by Lemma 4.5. We calculate Ni(RA(Zm ∗ Zn)), for 0 ≤ i ≤ 4, using
Theorem 4.4, Lemma 4.4, and Lemma 4.5.
(1) N0(RA(Zm ∗ Zn)) = 1 since N0(RA(Zm)) = N0(RA(Zn)) = 1.
(2) N1(RA(Zm ∗ Zn)) = 0 since N0(RA(Zm)) = 1 and N1(RA(Zn)) = 0 (simi-
larly, N1(RA(Zm) = 0 and N0(RA(Zn)) = 1).
(3) N2(RA(Zm ∗Zn)) depends on parities ofm and n. Ifm and n are even, then
N2(RA(Zm∗Zn)) = N2(RA(Zm))N0(RA(Zn))+N0(RA(Zm))N2(RA(Zn))+
N1(RA(Zm))N1(RA(Zn)) =
m+n
2 . Similarly, N2(RA(Zm∗Zn)) equals either
m+n−1
2 (if m and n have different parities) or
m+n−2
2 (if both m and n are
odd).
(4) N3(RA(Zm∗Zn)) = 0 since N3(RA(Zm∗Zn)) = N2(RA(Zm))N1(RA(Zn))+
N1(RA(Zm))N2(RA(Zn)) and N1(RA(Zm)) = N1(RA(Zn)) = 0.
(5) N4(RA(Zm ∗ Zn)) depends on the parities of m and n. If m and n are
even, then N4(RA(Zm ∗ Zn)) = N2(RA(Zm))N2(RA(Zn)) =
mn
4 . Similarly,
N4(RA(Zm ∗Zn)) equals either
n(m−1)
4 (if m is odd and n is even),
m(n−1)
4
(if m is even and n is odd), or (m−1)(n−1)4 (if both m and n are odd).
Next a theorem is proven, a special case of which gives the number of four
dimensional irreducible components of a torus knot group. The theorem is a conse-
quence of Theorem 3.1, Theorem 4.4, Lemma 4.4, and some of the ideas developed
in [L3] once the necessary adjustments for the projective linear group are made.
An immediate consequence of the theorem is that if G is a torus knot group, then
N4(RPSL(2,C)(G)) does not equal to genus of the torus knot, as is the case when
PSL(2,C) is replaced by SL(2,C).
Proposition 4.3. Let p, t be positive integers, Gpt =< x, y |xp = yt >, and A =
PSL(2,C). Then N4(RA(Gpt)) equals:
(1) (p−1)(t−1)4 if both p and t are odd.
(2) p(t−1)4 if p is even and t is odd.
(3) t(p−1)4 if p is odd and t is even.
(4) pt4 if both p and t are even.
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Proof. By Theorem 3.1 and Theorem 4.4, Dim(RA(Gpt)) = 4 and RA(Gpt) is
reducible. It can be easily seen that
RA(Gpt) = {(m1,m2) |m1 ∈ PSL(2,C),m2 ∈ Ω(t,m
p
1)}.
Now consider the set S = {(m1,m2) |m
p
1 = I} ⊆ RA(Gpt). Suppose φ :
RA(Gpt)→ RA(F1) is the projection onto the first coordinate. It is straight forward
to see that RA(Gpt) − S maps under the map φ onto a quasi-affine variety Q of
RA(F1) having the property that the fiber over every point in Q is zero dimensional
and thus Dim(RA(Gpt)−S) = 3. By Theorem 4.4, every point m ∈ φ(S) has a two
dimensional fiber. It can readily be seen that φ(S) is just the set Ω(p, I) and as a
consequence, by Theorem 4.4, it is also a two dimensional closed subset of RA(F1).
It follows then that the set S is a four dimensional set and that it contains all the
irreducible four dimensional components of RA(Gpt). Closer inspection reveals that
the set S is nothing but Ω(p, I)× Ω(t, I), and consequently, we have that
N4(S) = N2(RA(Zp))×N2(RA(Zt)).
And this leads to the desired result.
For the sake of comparison, we state the result established in [L3] for the groups
Gpt as in the above theorem.
Theorem 4.6 ([L3]). Let Gpt =< x, y ; x
p = yt >, where p, t are integers greater
than one, and A = SL(2,C). Then
(1) N4(RA(Gpt)) =
(p−2)(t−2)+pt
4 if both p, t are even and
(2) N4(RA(Gpt)) =
(p−1)(t−1)
2 if either p or t is odd.
The next theorem is an immediate consequence of Proposition 4.3.
Theorem 4.7. If p, t ≥ 3 are integers, then P4(RSL(2,C)(Gpt)) 6= P4(RPSL(2,C)(Gpt)).
Proof. Each of the equations has integral solutions only when
(1) (p−2)(t−2)+pt4 =
pt
4 , when p = 2 or t = 2,
(2) (p−1)(t−1)2 =
p(t−1)
4 , when p = 2, and
(3) (p−1)(t−1)2 =
t(p−1)
4 , when t = 2.
Every torus knot group has a presentation of the type < x, y ; xp = yt >, where
p and t are relatively prime integers. Immediate consequences of Theorem 4.7 are
the following:
Corollary 4.3. If a torus knot group has presentation < x, y ; xp = yt >, where
p, t ≥ 3 are relatively prime integers, then N4(RPSL(2,C)(Gpt)) is not equal to the
genus of the torus knot.
Proof. N4(RSL(2,C)(Gpt)), in such a case of the p and t, is equal to the genus of the
torus knot, [L3]. By Theorem 4.7, N4(RSL(2,C)(Gpt)) 6= N4(RPSL(2,C)(Gpt)).
Corollary 4.4. Let G be a torus knot group with presentation < x, y ; xp = yt >
with p, t ≥ 3, then P4(RSL(2,C)(G)) 6= P4(RPSL(2,C)(G)).
Proof. This is a direct consequence of Theorem 4.7 since, for such values of p and
t, the number of four dimensional irreducible components are not the same. So the
profile function does not agree at dimension four.
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Lemma 4.6. Let G be a one relator n-generated group with non-trivial relator w =
1. Let V−1 and V1 be all representations of the free group Fn in SL(2,C) mapping
w to −I, and w to I, respectively. If V1 and V−1 satisfy the Minus Condition, then
every representation ρ ∈ RPSL(2,C)(G) has a lift.
Proof. Assume that V1 = {β |β ∈ RSL(2,C)(Fn), β(w) = I} and V−1 = {β |β ∈
RSL(2,C)(Fn), β(w) = −I} satisfy the Minus Condition. We will show that ev-
ery representation ρ of G into PSL(2,C) has a lift. Using the observation fol-
lowing Definition 4.2, RPSL(2,C)(G) is in one-to-one correspondence with the set
{(m1, . . . ,mn) ∈ PSL(2,C)n |w(m1, . . . ,mn) = I}. We know that RPSL(2,C)(G) =
pi(V−1)∪pi(V1) and that, as algebraic varieties, V−1 ∼= V1 since V−1 and V1 satisfy the
Minus Condition. Suppose that some arbitrary representation ρ ∈ RPSL(2,C)(G) is
given. Then we can think of ρ as a point (m1, . . . ,mn) in PSL(2,C)
n. Now assume
that pi−1(ρ) = (m′1, . . . ,m
′
n) lies in V−1; then, since V−1 and V1 satisfy the Minus
Condition, we have that (−m′1, . . . ,−m
′
n) lies V1, and thus w(−m
′
1, . . . ,−m
′
n) =
I. Thus, by the observation following Definition 4.2, we obtain a representation
φ : G → SL(2,C) if we let φ(x1) = −m′1, . . . , φ(xn) = −m
′
n. Now, pi ◦ φ = ρ =
(m1, . . . ,mn). So φ is a lift of ρ, which is what we were after. If, on the other hand,
pi−1(ρ) = (m′1, . . . ,m
′
n) lies in V1 we have nothing to prove since it clearly has a
lift.
We finish with the following result quite useful in comparing profile functions for
certain groups.
Theorem 4.8. Suppose that w in Fn =< x1, . . . , xn > is a freely reduced and
non-trivial word, and G =< x1, . . . , xn ; w = 1 >. Suppose that V−1 = {ρ | ρ ∈
RSL(2,C)(Fn), ρ(w) = −I}, and V1 = {ρ | ρ ∈ RSL(2,C)(Fn), ρ(w) = I} are alge-
braic varieties that satisfy the Minus Condition. Then RPSL(2,C)(G) falls, or falls
properly relative to RSL(2,C)(G).
Proof. This is a consequence of the fact that V−1 and V1 are isomorphic, and
that each of these varieties project via pi onto RPSL(2,C)(G). We know that V1 =
RSL(2,C)(G), and that over every point of RPSL(2,C)(G) the fiber is finite. So every
irreducible component corresponds to at least one irreducible component above
having the same dimension. The result thus follows.
As an example, consider the cyclic group Zn, when n is odd. The presentation
of such a group arises from a word xn in the free group F1 that leads to varieties
V−1 and V1 satisfying the Minus Condition, and as a consequence we have that
P2(RA(Zn)) = (
n−1
2 , 0, 1) for A ∈ {SL(2,C), PSL(2,C)}. So the representation
variety over PSL(2,C) of Zn falls relative to the representation variety of Zn over
SL(2,C). To find examples of where the representation variety falls properly, torus
groups like < x, y ; xpyt = 1 >, where p is even and t is odd, may be used. In
contrast, notice that the representation variety of Z2 over PSL(2,C) does not fall
properly or otherwise relative the representation variety of Z2 over SL(2,C).
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